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Matrices

Definition
Definition
A matrix of the size m X n over a field K (or simply a matrix) is a
rectangular table of elements aj c Kfori=1,....mj=1,... n
ail a2 ... an
ani a2 ... aosp
dml adm2 -.- dmn

We denote this matrix by (ajj)mxn or simply (aj;). The element aj;
is called ij-entry. Usually we denote matrices by capital letters

A, B, .... We say that two matrices A, B are equal and write

A = B if they are of the same size and have the same jj -entries.
The set of matrices of size m x n over K is denoted by K7 .
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Matrices

Definition

Given a matrix

all dl12 ... diln
dani doo coo don
dml dm2 ... Amn

the n-tuples (a11, a12,...,a1n) ... (ami1,3m2, - - -, amn) are rows and

the m-tuples
ail ain
an1 azn

Y
dmil dmn

are columns.
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Matrices

Example

The matrix

7N
(-
w

N O
BN
~_

is a 2 X 3 matrix over R.

) are rows and

4)
> < >are columns.

(1,0,2),

o)

) )

NI O N =

Let A be an m x n matrix over a field K. Rows of A are members
of the vector space K” and columns are members of K.
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Matrices

Square matrices

Definition

An m X n matrix is called square matrix if m = n. A square matrix
is called symmetric if aj = ajj forany i=1,...,n, j=1,...,n.
Example:

Definition

The n-tuple (a11, 322, ..., ann) is called the main diagonal of a
square matrix (ajj)nxn-
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Matrix operations

Matrix addition

Let A and B be two matrices of the same size:

all dl12 Ce dln b11 b12 ce bl,,
a a ... a b b e

A 21 a» an | g o1 b bap,
ami am2 --. amn bmi bm2 ... bmn

The sum of A and B, denoted by A + B, is the matrix
ajn+bin anx+bix ... ain+ bin
A4 B— a1 +bx  ax+bn ... axy+ by
ami+bmi am2+bmz ... amn+ bmn
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Matrix operations

Matrix scalar multiplication

The product of a matrix A by a scalar k € K, denoted by k- A, is
the matrix
kaix  kai» ... kain
A= kas1  kax ... kaop
kami k'amg kamn
Notation:
—-A:=(-1)-A, A-B:=A+(-B).
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Matrix operations

Example

N
L=
NI~ O
AN
~__
+
7N
|
Mw
NIW =
[ RN N
~__
Il
N
[
—_ N
N =
~ O
~__

Addition of matrices with different sizes is NOT defined.
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Matrix operations

Properties

The m x n matrix with entries all zeros is called the zero matrix
and is denoted by 0%, or O if the size is clear from the context.

Theorem

Let A, B be m x n matrices over a field K and let ki, k» € K be
two scalars. Then

A+0=0+A=A, ki(A+B)=k -A+k B
(A+B)+ C=A+(B+C), (kh+thk)A=k A+k- A
A+B=B+A, (ki - k2)A = ki(ka - A)
A—A=0, 1-A=A
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Matrix operations

Matrix multiplication

Definition
Let A be a kK X m-matrix and B be a m x n-matrix. The product
A - B of the matrices A, B is the k x n-matrix C = (c;;) whose

entries are defined by

c,-j:a;1b1j+a,-2b2j—|—...+a,-mbmjforizl,...,k,jzl,...,n.

|

-3 1 4 -1 21 -4 1
2 10 -4 31 8 7

Example:

N O &
=W N
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Matrix operations

Matrix multiplication

The product A - B of two matrices A, B is defined ONLY when the
number of columns in A is the same as the number of rows in B.

Definition

The square matrix of the size n x n of the form

1 0 0
0 1 0
0 O 1

is called the identity matrix and is denoted by /,x, or /.
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Matrix operations

Matrix multiplication: properties

Let A, A; be kK x m matrices, B, By be m x n matrices and C be
an n X o matrix.

(A-B)-C=A-(B-C),
A lpsm = lkxk - A=A,
(A+ A1) -B=A-B+A;-B,
A-(B+Bi))=A-B+A-B;

Warning

For A, B € K] the multiplication is not commutative in general.
|.e. sometimes,

A-B+B-A
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Matrix operations

Matrix transposition

Let A = (aj) be an m x n matrix. The transpose of the matrix A,
denoted by AT is an n x m matrix defined by
T
a1 a2 ... an a1 a1 ... aml
AT = | 920 32 ... a3 _ | @12 a2 ... am
dml dm2 --- dmn dln d2pn --- Admn
Example:
< 1 0 2 )T 3 é -3
3 1 = 2
320 4 2 4
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Matrix operations

Matrix transposition: properties

A square matrix A is symmetric iff AT = A.

Properties

Let A, B be matrices of appropriate sizes.
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Elementary operations
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Elementary operations

Definition

By elementary row operations on a matrix A we mean the
following

© (Row switching) i-th row and j-th row are interchanged
(R,' <~ RJ'),

@ (Row scaling) each element in j-th row is multiplied by a
nonzero scalar k € K (kR; — R;),

© (Row addition) i-th row is replaced by a sum of i-th row and
a multiple of j-th row (R; + k - Rj — R;).

Definition
Similarly, we define elementary column operations.
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Elementary operations

Elementary operation: example

-3 1 4 2 2 203

2 3 03 |M8R( 31 4 2|38
3121 3121

2 2 0 3 2 2 0 3
9 3 12 6 |*ERTRL 5 6 12 12
31 2 1 31 2 1
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Elementary operations

Properties

Each of the elementary row (column) operations is invertible. The
inverse is also an elementary row (resp. column) operation.

Proof:
@ The inverse of R <+ R is Rj + R,
@ theinverseof k- R — R for k #0is 1+ - R — R;,
© theinverseof Ri+k-R — R is Ri —k-R; — R:.
If we substitute the letter R with C we get the proof for elementary column

operations.
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Elementary operations

Row equivalence

Definition
We say that matrices A and B of the same sizes are row equivalent
if one can be obtained from the other using elementary row

operations.
Example:
-3 1 4 2 2 2 0 3
A=| 2 3 03|, B=| -5 6 12 12
-3 1 21 -3 1 2 1
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Elementary operations

Row echelon form

Definition
We say that a matrix A is in row echelon form if

@ all zero rows are at the bottom,

@ the first nonzero number in the i-th row is to the right from
the first nonzero coefficient in the row above it.

Example:
21 0 3
0 6 12 12
00 2 1
00 0 O
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Elementary operations

Row echelon form: properties

Any matrix A is row equivalent to a matrix in row echelon form.

Example (proof?):

1 0 2 1 0 2
2 -1 3 |RERPRL g g | RTHRPR
4 1 8 4 1 8
1 0 2 1 0 2
0 -1 —1 | PRyl o 1 1
01 0 0 0 -1
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Elementary operations

Rank of a matrix

Let A be an m x n matrix over K. Row rank of a matrix A is the
dimension of the subspace of K” spanned by the rows of A.
Column rank of the matrix A is the dimension of the subspace of
K™ spanned by the columns of A.

For every matrix A the row rank of A is equal to the column rank
of A.

Definition
Rank of a matrix A, denoted r(A), is its row rank (or column rank).
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Elementary operations

Rank: properties and examples

Consider the matrix: L s
= (27)
dim(span({(1,2),(2,4)})) = dim{a(1,2) + b(2,4) | a,b € R} =

dim{a(1,2) +2b(1,2) | a, b € R} =dim{(a+2b)(1,2) | a,b € R} =
dim(span({(1,2)})) = 1.

Hence, r(A) = 1.

If a matrix A is row equivalent to a matrix B then r(A) = r(B).
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Elementary operations

Rank and row echelon form

Let A be a matrix. The number of non-zero rows in a matrix in row
echelon form which is row equivalent to A is equal to rank of A.
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Elementary operations

Rank and dimension

The dimension of a subspace W of a space K" spanned by vectors
Vi,...,Vp is equal to the rank of the following matrix:

Vi

Vm
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